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Abstract
We discuss Einstein gravity for a fluid consisting of particles inter-
acting with an environment of some other particles. The environment is
described by a time-dependent cosmological term which is compensating
the lack of the conservation law of the energy-momentum of the dissipa-
tive fluid. The dissipation is approximated by a relativistic diffusion in the
phase space. We are interested in a homogeneous isotropic flat expanding
Universe described by a scale factor a. At an early stage the particles are
massless. We obtain explicit solutions of the diffusion equation for a fluid
of massless particles at finite temperature. The solution is of the form of
a modified Ju¨ttner distribution with a time-dependent temperature. At
later time Universe evolution is described as a diffusion at zero tempera-
ture with no equilibration. We find solutions of the diffusion equation at
zero temperature which can be treated as a continuation to a later time
of the finite temperature solutions describing an early stage of the Uni-
verse. The energy-momentum of the diffusing particles is defined by their
phase space distribution. A conservation of the total energy-momentum
determines the cosmological term up to a constant. The resulting energy-
momentum inserted into Einstein equations gives a modified Friedmann
equation. Solutions of the Friedmann equation depend on the initial value
of the cosmological term. The large value of the cosmological constant im-
plies an exponential expansion. If the initial conditions allow a power-like
solution for a large time then it must be of the form a ≃ τ (no decelera-
tion, τ is the cosmic time) . The final stage of the Universe evolution is
described by a non-relativistic diffusion of a cold dust.
1 Introduction
We consider the gravitational Einstein equations in the form
Rµν − 1
2
hµνR = 8piGT µν , (1)
1
where G is the Newton constant, hµν is the metric and the Einstein tensor on
the lhs is covariantly conserved. Hence,
(T µν);µ = 0. (2)
We could insert on the rhs of eq.(1) the energy-momentum T µν of a collection of
particles described by a probability distribution Φ on the phase space [1][2][3][4].
If particle’s dynamics is determined by classical evolution equations, then the
conservation law (2) is a consequence of the Liouville equation (where Γµνρ are
Christoffel symbols)
(pµ∂xµ − Γkµνpµpν∂k)Φ = 0. (3)
Eqs.(1),(3) and the formula for the energy-momentum tensor
T µν =
√
h
∫
dp
(2pi)3
1
p0
pµpνΦ, (4)
define the Einstein-Vlasov system [4]. In eq.(4) h is the determinant of the
metric and p0 is determined from the mass-shell condition pµp
µ = m2 (m is
the particle’s mass, we set c = 1). In eqs.(1)-(4) Greek indices run from 0 to
3, Latin indices denoting spatial components have the range from 1 to 3, the
covariant derivative is over the space-time, derivatives over the momenta ∂
∂pk
are denoted ∂k and ∂
x denotes a derivative over a space-time coordinate x.
The Einstein-Vlasov system has been successfully applied [4] in a descrip-
tion of the large scale structure of the Universe. The deterministic approach
(1)-(4) must be modified if we describe only a part of the total system. In such
a case we do not have the complete information, e.g., we do not detect some
forms of matter. The unknown part of the total system is excluded from a
deterministic description. The system’s motion is not deterministic but rather
random. Under the assumption of a short memory (Markov approximation)
the random motion can be described as a diffusion. The non-relativistic diffu-
sion approximation has been widely applied in many body systems [5][6]. We
consider a relativistic diffusion of the hot matter beginning from the early time
of the Universe expansion. We apply the diffusion approximation to the de-
scription of motion of the luminous matter in the Universe assuming that this
matter is formed from known elementary particles (there is an alternative ap-
proach describing the dark matter evolution as a diffusion [10]; for a discussion
of the dark matter phase space distribution see [11]). We suggest that there are
some other particles and interactions which we do not know. Their impact is
described as a diffusive motion of matter.The gravitational attraction by distant
objects as a source of the diffusive motion of stars has been described in [7] and
confirmed by observations [8] [9]. In this paper the diffusion approximation is
applied to all stages of the evolution. The energy-momentum tensor Tµν on the
rhs of eq.(1) consists of two parts: the first part expressed in eq.(4) (which is not
conserved if Φ satisfies a diffusion equation) and the second part corresponding
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to the unknown component of the total system which is to be determined from
the conservation law (2).
We could consider a Big Bang theory of a fluid consisting of particles of
the standard grand unification model [12][13]. The heavy ion collisions could
supply experiments verifying some assumptions of the Big Bang theory starting
from microscopic kinetic theory [13][14][15]. We are unable to treat the forma-
tion of hadrons from quarks,decay and creation of particles without a complete
quantum theory. We rely on a classical approximation of quantum theories.
We approximate interactions by a diffusion. We have studied such an approx-
imation in [16] where an interaction of relativistic charged particles with the
CMB radiation is treated as a diffusion model. In the same way we can show
that the quark-gluon interaction leads to a diffusion of quarks [17]. Even if the
interactions are unknown the relativistic invariance determines to a large extent
the form of the diffusion. The relativistic diffusion has been discovered in [18]
and [19]. A model with friction leading to the Ju¨ttner equilibrium distribution
[20] is discussed in [21] [22][23][24]. An equilibration to a quantum distribution
requires a non-linear diffusion [25] which is to describe the bunching of Bose
particles and repulsion of Fermi particles. We treat the linear diffusion as an
approximation to the non-linear one. We think that the relativistic diffusion
can be a useful approximation for dissipative processes in the description of
the early Universe. The non-relativistic diffusion as an approximation for the
collision term in the Boltzmann equation has been elaborated in many papers
(see [5][6][9]; for a recent application in cosmology see [3] and references cited
there). An equation for the diffusion of photon energy in a medium of free
non-relativistic electrons is well-known as the Kompaneets equation [26][27]. A
relativistic diffusion approximation for the Boltzmann equation is discussed in
[28].
In this paper we are going to elaborate the scheme suggesting that some
unknown interactions are approximated by a relativistic diffusion. We assume
that the particles are massless (we discuss a diffusion of massless particles in
[25] [29][30]). In the grand unified theories elementary particles acquire a mass
through a symmetry breaking at lower temperature. Hence, the zero mass as-
sumption at an early time (the radiation era) is justified. The CMB radiation
[31] shows the quantum origin of the (Planck) equilibrium distribution. We
obtain a solution of the non-linear diffusion equation in the form of the Planck
distribution with a time dependent temperature. In the ultrarelativistic limit
and low density the non-linear diffusion is approximated by the linear diffusion.
We solve the linear relativistic diffusion equation exactly. We find initial states
of the Ju¨ttner type [20] whose form is preserved by the time evolution. Such
(steady) states are analogs of the equilibrium states in an expanding Universe.
Moreover, they can be considered as asymptotic phase space distributions in
the sense that any solution of the diffusion equation is approaching the Ju¨ttner
distribution with a time-dependent temperature. In a later time of the Universe
evolution (lepton era) when other kinds of matter appear with a different local
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temperature we do not expect that the phase space distribution is approaching
the equilibrium distribution. We describe this later stage of time evolution of
the energy-momentum by a diffusive fluid of zero temperature (no heat bath).In
order to perform exact calculations we still apply an ultrarelativistic approxi-
mation setting the mass of particles equal to zero . The diffusion constant is
defined by the cross section of particle’s interactions [28]. It can vary depending
on the content of the system. We assume that this variation is continuous so
that we obtain a continuous transition from the description in different stages of
the Universe evolution (we denote the diffusion constant at various stages of the
Universe expansion by the same symbol). The relativistic diffusion at zero tem-
perature with no equilibrium distribution has been studied by Schay [18] and
Dudley[19]. It has been applied for a description of a cosmological evolution of a
diffusing fluid at a later stage of the expansion in [32] and [33]. In this paper we
discuss exact solutions of the diffusion equation in the massless limit applied to
early stages of the evolution. We obtain a continuation of the time-dependent
Ju¨ttner distribution at an early time to the solution of the diffusion equation at
zero temperature at later time. We insert the energy-momentum corresponding
to the solutions of the diffusion equation into the Einstein equations (1)
Rµν − 1
2
hµνR = T µν = T µνD + T˜
µν, (5)
where TD is the energy-momentum of a certain (dark) matter and T˜ is the
energy-momentum of the system of diffusing particles. From the lhs it follows
that
(T µνD );µ = −(T˜ µν);µ. (6)
Knowing the rhs of eq.(6) we can determine the lhs up to a constant. We rep-
resent TD by a time-dependent cosmological term Λ. The cosmological term
Λ acquires a dynamical content in a way similar to the trace free formulation
of Einstein equations [34][35]. A dynamical relation of the cosmological term
to the matter density seems to be unavoidable for an explanation of the coin-
cidence problem [36] [37]. In contradistinction to the Einstein-Vlasov system
the dissipative system (5) gives a relation which could answer the question why
the dark matter and ”barionic” matter are of the same order of magnitude. We
show that such a cosmological term is decreasing in time starting from a con-
stant at a fixed time τ0 (which can be chosen as the radiation decoupling time).
After an addition of the cosmological term TD the total energy-momentum T
can violate the strong energy condition as well as the dominant energy condition
[38]. In the case of a homogeneous isotropic Universe we obtain an analog of
the Friedmann equation for the scale factor a. The solutions of the modified
Friedmann equations depend on the value of the cosmological constant. They
can grow exponentially. We put the particle’s mass equal to zero in early stages
of the evolution. At the final stage of the expansion, when matter has already
a macroscopic form, we consider a non-relativistic approximation (a large mass
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limit) of the diffusion equation. We discuss the resulting Friedmann equation
for the scale factor a. We find an exact solution of the non-relativistic diffu-
sion equation starting from the Maxwell equilibrium distribution. We insert the
corresponding energy-momentum tensor in Einstein equations. The qualitative
results for a in the non-relativistic limit are similar to those of the relativistic
massless case.
The plan of the paper is the following. In sec.2 we review the relativistic
diffusion. In sec.3 we derive solutions of the relativistic diffusion equation for
massless particles at finite temperature. In sec.4 we consider the limit of zero
temperature of the solutions of sec.3. We discuss the energy-momentum tensor
on the rhs of Einstein equations in sec.5. In sec.6 we obtain some consequences of
the Friedmann equation resulting from Einstein equations with a diffusing fluid.
A model of non-relativistic diffusing particles of a large mass (a cold ”dust”) is
discussed in sec.7. The final section contains a summary and an outlook.
2 Relativistic diffusion
The diffusion is usually treated as an approximation for the collision term in
the kinetic equation [5]. The diffusion approximation for the relativistic kinetic
equation [39] has not been developed in a sufficient detail (see however [28]). If
we look for a relativistic generalization of the Kramers diffusion defined on the
phase space then it is determined in the unique way by the requirement that
the diffusing particle moves on the mass-shell H+ (see [18][19][21][22][30][40])
hµνp
µpν = m2 (7)
with the metric (flat expanding Universe)
ds2 = hµνdx
µdxν = dτ2 − δjka(τ)2dxjdxk = a2(τ(t))(dt2 − dx2), (8)
where
t =
∫
dτ(a(τ))−1
is the conformal time (we call τ the cosmic time; the notation follows the text-
book of Durrer [41]).
The diffusion is generated by the Laplace-Beltrami operator on H+
△H = 1√
g
∂jg
jk√g∂k (9)
where
gjk = m2hjk + pjpk (10)
5
∂j =
∂
∂pj
and g = det(gjk) is the determinant of gjk. The operator △H can be
expressed in the form
△H = m2a−2δjk∂j∂k + pjpk∂j∂k + 3pk∂k, (11)
where k = 1, 2, 3.
The transport equation for the linear diffusion generated by △H reads
(pµ∂xµ − Γkµνpµpν∂k)Ω = κ2△HΩ, (12)
where κ2 is the diffusion constant, ∂xµ =
∂
∂xµ
and x = (t,x) (boldface letters
denoting the three vectors).
The relativistic diffusion as an approximation of the relativistic Boltzmann
equation [39] is discussed in ref.[28]. It is shown in [28] that the diffusion con-
stant κ2 is proportional to the cross section describing a scattering by particles
of the medium . The diffusion matrix gjk is expressed by some integrals which
have not been calculated explicitly in [28].
Eqs.(9)-(10) and (12) hold true for a general metric hµν in the gauge h0j = 0
( for a coordinate independent formulation see [42]). The specific realization of
eq.(12) depends on the use of either lower case [30][32][33][40], upper case [42] or
physical momenta (p = ap)[43]. In this paper we use the upper case momenta
( the formula pj = hjkpk relates various formulations).
We consider also a diffusion at finite temperature β−1[21][22](in the confor-
mal time and in a frame moving with the heat bath)
(pµ∂xµ − Γkµνpµpν∂k)Ω = κ2p0∂j(gjk 1p0 ∂k + βa2pj)Ω. (13)
Here, p0 is determined from eq.(7). So, in the conformal time
p0 =
√
a−2m2 + p2 (14)
where p2 =
∑
j p
jpj .
In the metric (8) the non-vanishing Christoffel symbols are
Γ0jk = a
−1 da
dt
δjk (15)
Γj0k = a
−1 da
dt
δ
j
k. (16)
For rotation invariant and space homogeneous Ω eq.(12) reads
√
p2 + a−2m2
(
∂tΩ− 2Hp∂Ω∂p
)
= κ2
(
a−2m2 ∂
2Ω
∂p2
+ 2a−2m2p−1 ∂Ω
∂p
+ p2 ∂
2Ω
∂p2
+ 3p∂Ω
∂p
) (17)
where p = |p| and
H = a−1 d
dt
a = aH. (18)
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Here, H is the Hubble expansion rate.
We have shown in [25] that if the phase space distribution has the Bose-
Einstein or Fermi-Dirac equilibrium limit which is a minimum of the relative
entropy (related to the free energy ) then the diffusion equation must be non-
linear. The proper generalization of eq.(13) (which leads to the equilibrium in
a static metric) reads
(pµ∂xµ − Γkµνpµpν∂k)Ω = κ2p0∂j
(
gjk 1
p0
∂kΩ+ βa
2pjΩ(1 + νΩ)
)
, (19)
where ν = 1 for bosons and ν = −1 for fermions. The classical (Boltzmann)
statistics can be described by ν = 0. The relation to Kompaneets equation
[26][27]is discussed in [25].
In the ultrarelativistic limit m = 0 the dependence of the diffusion generator
(11) on the metric hjk disappears . In such a case the quantum equilibrium
distributions solve the diffusion equation (19) in an expanding metric (8). In
the case m = 0 and for rotation invariant functions eq.(19) is
∂tΩ = 2Hp∂Ω∂p + κ2p−2 ∂∂pp3(∂Ω∂p + βa2Ω(1 + νΩ)). (20)
In the ultrarelativistic limit at low density the dependence on the statistics
should be irrelevant. We can neglect the quadratic term in eq.(20) (ν = 0).
Eq.(20) becomes linear
∂tΩ = κ
2p∂
2Ω
∂p2
+ (3κ2 + 2Hp+ βκ2a2p)∂Ω
∂p
+ 3βκ2a2Ω. (21)
In the initial stage of the expansion the frequent particles’ interactions allow to
achieve an equilibrium. The quantum equilibrium distribution will be a con-
sequence of eq.(20). In the ultrarelativistic regime the classical approximation
should apply leading to the Ju¨ttner equilibrium distribution [20] . In fact, the
β-dependent term in eq.(21) can be obtained from the principle of the detailed
balance under the assumption that at infinite time Ω should reach the Ju¨ttner
equilibrium distribution.
The assumption m = 0 can be justified in grand unified theories at high
temperatures. The approximation p0 = |p| at a later time can be treated as a
zeroth order term in an expansion of the solutions of eqs.(12)-(13) in powers of
m
ap
. Eq.(17) tends to the massless limit (21) when m2a−2p−2 → 0. In the sequel
we first restrict ourselves to the massless (high energy) limit of both eqs.(12)-
(13). In sec.7 a non-relativistic limit (large mass limit) of eq.(12) is applied for
a description of the final stage of the Universe evolution as a cold dust.
Eq.(13) can be generalized to a non-isotropic Bianchi space-time with the
metric
ds2 = dτ2 − a21(dx1)2 − a22(dx2)2 − a23(dx3)2 ≡ hjkdxjdxk
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where aj depend only on τ . The generalization (for massless particles) takes
the form
(pµ∂xµ − Γkµνpµpν∂k)Ω = κ2p0∂j
(
gjk 1
p0
∂k + βp
j 1
p0
√∑
l p
2
l a
4
l
)
Ω. (22)
where in the cosmic time p0 =
√
hjkpjpk.
3 Solutions of linear and non-linear diffusion equa-
tions at finite temperature
In a time-independent metric any solution of the diffusion equations (13) or (19)
tends to an equilibrium which is a time-independent solution of these equations.
We are looking for analogs of equilibrium solutions in the case of an expanding
flat Universe. It is easy to see that the time dependent Planck distribution ΩPLE
is the solution of eq.(20). We have
ΩPLE =
(
exp(βa2(p+ µ))− ν
)
−1
(23)
where µ is an arbitrary constant (the chemical potential). In the ultrarelativis-
tic limit ( a large p) the Planck distribution (23) is the same as the Ju¨ttner
distribution. However, the CMB measurements [31] show that the distribution
(23) is valid also for a small p. We are unable to derive other solutions (starting
from other initial phase space distributions) of the non-linear diffusion equation
(20). Further on we discuss only the linear approximation (13) which can be
considered as the ultrareletivistic limit of eq.(20).
We are looking for a general class of solutions of the linear diffusion equa-
tion (13). We show that besides the time dependent Ju¨ttner distribution there
are more general solutions which preserve their form under the time evolution.
Hence, they could be considered as analogs of the equilibrium distribution. We
show that the energy-momentum tensor (2) corresponding to such solutions de-
pends on the scale factor a in a more complicated way than it has been discussed
in the literature so far ( see [44]). The main conclusion of this section is that
the solution depends on an integral A of a2. In subsequent sections we investi-
gate the dependence of the energy-momentum on a and A. We show that the
dependence on A can be neglected at a large time.
First, we look for solutions of eq.(21) in an exponential form generalizing the
Ju¨ttner distribution. Then, we show that an initial distribution which is of the
Ju¨ttner form multiplied by a polynomial in p preserves its shape under the time
evolution. Such momentum distributions could be considered as analogs of the
equilibrium distributions for a time-dependent metric. Assume the solution of
eq.(21) has the form
ΩβE(t) = L(t) exp(−α(t)p). (24)
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Then,
∂tL = −3κ2αL+ 3βκ2a2L (25)
and
−∂tα = κ2α2 − 2Hα− βκ2a2α. (26)
The solution of eq.(25) with the initial condition L(t0) = 1 is
L = exp(−3κ2
∫ t
t0
α+ 3βκ2A), (27)
where
A(t) =
∫ t
t0
a2(τ(r))dr. (28)
Let
w = exp(κ2
∫
α) (29)
and v = ∂tw. Then, from eq.(26)
v = ba2(t) exp(βκ2A) (30)
with a certain constant b. Hence, from eq.(29)
α = βa2 exp(κ2βA)
(
R+ exp(κ2βA)
)
−1
(31)
where from the initial condition we can determine R
α(t0) = βa
2(t0)(R + 1)
−1. (32)
If the initial condition α(t0) = βa
2(t0) is chosen then R = 0 and the solution
(24) for any t is
ΩJE(t) = exp(−βa2p) (33)
(the Ju¨ttner distribution [20]). Moreover, for any initial condition if a(t) →∞
when t→∞, then for ΩβE of eq.(24)
|ΩβE − exp(−βa2(t)p)| → 0 (34)
exponentially fast ( as from eq.(31) α→ βa2 and from eq.(27) L→ 1).
Let
p = u2. (35)
Then, eq.(21) takes the form
∂tΩ =
κ2
4
∂2Ω
∂u2
+ 5κ
2
4 u
−1 ∂Ω
∂u
+ 12 (2H+ βκ2a2)u∂Ω∂u + 3βκ2a2Ω. (36)
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In order to obtain another set of solutions perturbing the solution (33) we write
Ω = ΩJEΨ. (37)
We can express eq.(36) for Ψ as an equation in 6 dimensional momentum
space q with q2 = u2 = p as follows
∂tΨ =
κ2
4 △6Ψ+ 12ωβq∇Ψ, (38)
where △6 is the Laplacian in a 6 dimensional momentum space R6 and
ωβ = 2H− βκ2a2 (39)
Rotation invariant solutions of eq.(38) solve eqs.(36)-(37). In the space of rota-
tion invariant functions we can introduce a polynomial basis
Ψ(t,q) = 1 +
n=N∑
n=0
cn(t)(q
2)n (40)
Inserting eq.(40) in eq.(38) we find linear equations for cn
∂tcN = NωβcN , (41)
∂tcn−1 = (n− 1)ωβcn−1 + κ2n(n+ 2)cn (42)
with c0(t0) = 0. These equations can be solved systematically starting from N .
First
cN (t, t0) = cN (t0)a(t)
2Na(t0)
−2N exp(−Nκ2βA(t)). (43)
Then, we can find the coefficients for lower n. In detail, for N = 1
c0(t) =
3
β
a(t0)
−2
(
1− exp(−κ2βA(t))
)
c1(t0) (44)
and
c1(t, t0) = c1(t0)a
2(t)a(t0)
−2 exp(−κ2βA(t)) ≡ c˜1a2(t). (45)
For N = 2 we have
c2(t, t0) = c2(t0)
a(t)4
a(t0)4
exp(−2κ2βA) ≡ c˜2a4, (46)
c1(t, t0) =
a2(t)
a2(t0)
exp(−βκ2A)c1(t0)
+ 8
β
a2(t)
a4(t0)
exp(−βκ2A)(1− exp(−βκ2A))c2(t0) ≡ c˜1a2,
(47)
c0(t, t0) =
12
β2a4(t0)
(1− exp(−βκ2A))2c2(t0).
10
From eqs.(41)-(42) we can derive the behaviour of cn−1 as ≃ a2(n−1). In fact,
we have
cn−1(t) = exp(
∫ t
t0
(n− 1)ωβ)cn−1(t0) + κ2n(n+ 2)
∫ t
t0
exp(
∫ t
r
(n− 1)ωβ)cn(r)dr.
Now, if cn ≃ a2n then exp((n−1)
∫ t
t0
ωβ) ≃ a(t)2(n−1)a(t0)−2(n−1) and exp((n−
1)
∫ t
r
ωβ)cn(r) ≃ a(t)2(n−1)a2(r). It follows that cn−1(t) ≃ a2(n−1)(t)f(A(t))
with a certain bounded function f . Hence, from the cn ≃ a2n behaviour we
obtain the behaviour cn−1 ≃ a2(n−1) and inductively for any lower n. It can
also be seen from eqs.(41)-(42) that we have cn → 0 (for n > 0) because these
coefficients (≃ f(A)) decay exponentially with a growing A and a multiplication
by powers of a does not change the limit t→∞.
The diffusion equation (22) for the Bianchi space-time has a κ-independent
solution ΩBE which is an analog of the Ju¨ttner solution (33)
ΩBE = exp
(
− β
√
a41p
2
1 + a
4
2p
2
2 + a
4
3p
2
3
)
.
However, in the anisotropic case we are unable to find analogs of the κ-dependent
solutions which we have discussed in this section and the ones to be considered in
the next section. Nevertheless, the distribution ΩBE is interesting as an example
leading to an anisotropic energy-momentum.
4 A transition from finite temperature to zero
temperature
There are complex quantum processes involved in the early Universe. We have
at our disposal classical Einstein equations. We assume that the momentum
distribution of particles in the Universe soon after the Big Bang can be described
by the non-linear diffusion equation for massless particles. We suggest that (like
in the linear case (34)) the solution of the non-linear equation starting from an
arbitrary initial condition is approaching for a later time the time-dependent
Planck distribution. In an early stage of the Universe evolution eq.(19) describes
the diffusive behaviour of the phase space distribution leading to the Planck
distribution (23). In the ultrarelativistic approximation we restrict ourselves
to the linear equation (19) with the Ju¨ttner equilibrium distribution. After
some time t0 (beginning of the lepton era) new forms of matter are created
weakly interacting with radiation. We do not expect that Ju¨ttner phase space
distribution remains valid for all kinds of matter at a later time. We shall
describe the subsequent time evolution beginning at t = t0 at the expansion scale
a(t0) and at the temperature β
−1 = κ2θ(a2(t0))
−1 by the diffusion equation (12)
corresponding to a diffusion at zero temperature with no equilibration. The
solutions of eq.(21) on the time interval [0, t0) can be transferred continuously
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to solutions of eq.(12) on the interval [t0,∞) . The diffusion constant κ in
eq.(21) is determined by scattering processes of the hot matter in the early
Universe. It is not the same as the diffusion constant in eq.(12) relevant for a
later time when scattering processes of different particles formed at later time
of the evolution are involved.
In this section we follow the procedure of the previous section finding first
a solution of the diffusion equation (12) of an exponential (Ju¨ttner) type. Sub-
sequently, we obtain analogs of the solutions (37) obtained by a polynomial
perturbation of the exponential solution. The parameter β in eq.(21) is to dis-
appear at t = t0 when the phase space distribution begins to evolve according
to eq.(12). If β → 0 in eq.(31) then (with 1 +R = θβκ2 ) we obtain
α = κ−2a2(θ +A)−1. (48)
In this way we find a particular solution of eq.(21)(β = 0) starting from the
Ju¨ttner distribution Ω0 at t = t0
Ω0 = exp(−(κ2θ)−1a2(t0)p)
(the parameter κ2θ(a2(t0))
−1 has the meaning of temperature) then continuing
at t ≥ t0 as
ΩE(t) = θ
3(θ +A)−3 exp(−κ−2 a
2
θ +A
p). (49)
ΩE(t) solves eq.(12) (eq.(21) with β = 0) with the initial condition Ω0.
If the diffusion (12) starts from the Planck distribution (23) (µ = 0) then it
continues as
ΩPE(t) =
∑
∞
k=1 ν
k−1(1 + κ2kβA)−3 exp(− a2βk1+κ2kβAp) (50)
At large momenta the terms with k > 1 in eq.(50) are negligible. We treat the
Ju¨ttner-type solution (49) at zero temperature as the high-energy approximation
to the Planck-type solution (50).
In the Ju¨ttner case we can insert again eq.(37) into eq.(36) with β = 0 and
derive eqs.(41)-(42) with
ω = − d
dt
ln(
θ +A
a2
) (51)
We have solved eqs.(41)-(42) explicitly for small N . We have
cN (t, t0) = cN (t0)a(t)
2Na(t0)
−2N (θ +A)−NθN . (52)
Then, for N = 1
c1(t) =
a2(t)
a2(t0)
(θ +A)−1θc1(t0) ≡ c˜1a2(t)(θ +A)−1, (53)
12
c0(t) = 3c1(t0)κ
2θ ln(1 +
A
θ
). (54)
For N = 2 we have
c2(t) =
a(t)4
a4(t0)
(θ +A)−2θ2c2(t0) ≡ c˜2a4(t)(θ +A)−2, (55)
c1(t) =
a2(t)
a2(t0)
(θ +A)−1θc1(t0) + 8c2(t0)κ
2a2(t)a(t0)
−4θ2(θ +A)−1 ln(1 + A
θ
)
≡ c˜1a2(t)(θ +A)−1,
(56)
c0(t) = 3c1(t0)κ
2a(t0)
−2θ ln(1 + A
θ
) + 24κ4θ2c2(t0)a(t0)
−4(ln(1 + A
θ
))2.
(57)
The solutions (52)-(57) will be discussed in subsequent sections.
5 Einstein equations for diffusing particles at
high temperature
In the remaining sections we discuss the Einstein equations (1). In principle,
we should discuss all fields and particles entering the energy-momentum and
consider a quantum version of Einstein equations. However, to be realistic
we accept the point of view that we are far from a knowledge of all forms
of matter and energy and their interaction. Having a partial knowledge we
approximate the impact of the unknown interactions by a diffusion whereas the
energy-momentum of unknown particles and interactions is described by T µνD
in eq.(5). The conservation of the total energy-momentum determines TD in
terms of the energy-momentum T˜ of diffusing particles according to eq.(6). An
indication of a necessity of such an approach is the coincidence problem [37](the
dark matter and luminous matter are of the same order). The main aim of
this section is a derivation of TD from eq.(6). For a homogeneous and isotropic
Universe this will allow us to write down the Einstein equations (5) for the scale
factor a (the Friedmann equations) explicitly. We shall derive the dependence of
the energy-momentum on the scale factor a using the solutions of the diffusion
equation obtained in secs.3 and 4. We discuss the behaviour of solutions of the
Friedmann equations from the point of view of the energy conditions satisfied
by T˜ + TD.
We calculate the energy-momentum using the phase space distribution re-
sulting from the solution of the diffusion equation. In the early Universe this
should be the non-linear diffusion leading to the experimentally confirmed [31]
CMB distribution (23). In eq.(4) we have already inserted the division of the
quantum phase space into elementary units of the volume (2pih¯)3 ( we set h¯ = 1).
The solutions (23) and (33) are expressed in the comoving frame (moving with
the fluid). We restrict ourselves in this section to the linear approximation of
the diffusion equation (20) at finite temperature ( without the heat bath we
have always the linear equation (12)). If in a new frame the fluid is moving
with a velocity w (wµwµ = 1 ) then in this frame the time is s = wµx
µ and
the energy pµwµ. The scale factor a depends on s. Ω
J
E (33) is expressed in a
covariant form as
ΩJE,n = nM
−1 exp(−βa(s)wµpµ), (58)
where n and M are normalization factors. The normalization is introduced [45]
according to the rule that the normalized state Ωn satisfies the condition
√
h
∫
dp
(2pi)3
Ωn = n. (59)
Here, n is the density defined by the current [13][41]
Nµ ≡ nuµ =
√
h
∫
dp
(2pi)3
1
p0
pµΩn. (60)
which determines the density n and the velocity u of the fluid ( uµuµ = 1). If
for an unnormalized state Ω we define
M =
√
h
∫
dp
(2pi)3
Ω, (61)
then the normalization of an arbitrary distribution Ω is
Ωn = nM
−1Ω. (62)
We define the energy-momentum tensor as [13] [41]
T˜ µν =
√
h
∫
dp
(2pi)3
1
p0
pµpνΩn. (63)
We are going to study the Universe evolution described by the states (37) either
for a large or for a small time. It is usually discussed in the cosmic time τ . Note
that in conformal time
√
h = a4, p0 = |p|, whereas in cosmic time
√
h = a3 and
p0 = a|p|. From now on we express all equations in the cosmic time. If there is
no diffusion then Ω satisfies the Liouville equation (3). The energy-momentum
tensor is conserved. This is the case for ΩE of eqs.(23) and (33). In this state
both sides of eq.(13) are equal to zero. Hence, eq.(3) is satisfied. The formula
(63) gives T˜ 00 ≃ a−4 in the states (23) and (33). In the Ju¨ttner state (23) we
obtain from eq.(1) the Friedmann equation (flat space, cosmic time)
(a−1
da
dτ
)2 =
8piG
3
1
(2pi)3
24pi(βa)−4. (64)
In the Planck state (33) there will be an extra factor pi
4
90 ≃ 1 on the rhs of eq.(64)
corresponding to the correction for small momenta contribution to the integral
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(63). The resulting Friedmann equation coincides with the standard one (see
[41], sec.1.3).
The energy-momentum tensor (63) is not conserved if the solution of the
diffusion equation depends on κ as the general solutions of secs.3 and 4 do. In
general, for massless particles we have [17][32]
(T˜ µν);µ = 3κ
2Nν − βκ2T˜ 0ν . (65)
Using the Christoffel symbols (15)-(16) the covariant divergence of an arbitrary
tensor T reads
(T µ0);µ = ∂τT
00 + 3a
da
dτ
T 00 + a
da
dτ
δjkT
jk.
In a homogeneous Universe
T˜ µν = E˜uµuν − p˜iE(hµν − uµuν), (66)
where E˜ is the energy, p˜iE the pressure and the four-velocity u
µ satisfies the
condition
hµνu
µuν = 1. (67)
For massless particles T˜ µµ = 0. Hence,
p˜iE =
1
3
E˜. (68)
In the frame u = (1,0) we have
(T˜ µ0);µ = ∂τ E˜ + 3a
−1∂τa(E˜ + p˜iE). (69)
We shall represent the unknown energy TD in eq.(5) by a cosmological term Λ.
Then
T µν = T˜ µν + hµν
Λ
8piG
, (70)
where T˜ is the energy-momentum tensor (63). The energy conservation (2) is
expressed as
−∂τ Λ8piG = ∂τ E˜ + 3a−1∂τa(E˜ + p˜iE) (71)
In the massless case (68) eq.(71) gives
Λ(τ)
8piG
=
Λ(τ0)
8piG
− a−4
∫ τ
τ0
∂r(a
4T˜ 00)dr (72)
Λ is determined from eq.(71) up to a constant. We could also integrate eq.(65)
in order to express Λ by T˜ and Nµ. From eq.(65) it can be seen that the
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divergence of T˜ µν is proportional to the diffusion constant. Applying eq.(72)
we obtain the Einstein equations (for a flat Universe) in the form
3
8piGH
2 ≡ 38piG (a−1 dadτ )2 = T˜ 00(τ)−
∫ τ
τ0
dra−4∂r(a
4T˜ 00) + Λ8piG (τ0)
= T˜ 00(τ0)− 4
∫ τ
τ0
drH(r)T˜ 00(r) + Λ8piG (τ0)
(73)
It follows from eq.(73) that the modification of the Friedmann equation resulting
from the diffusion is determined by the deviation of T˜ 00 from the standard a−4
(as in eq.(64)).
Eq.(73) can also be expressed in the form
3
8piG (H
2(τ) −H2(τ0)) = −4
∫ τ
τ0
drH(r)T˜ 00(r), (74)
where we have used the relation
3
8piGH
2(τ0) = T˜
00(τ0) +
Λ
8piG (τ0) = E˜(τ0) +
Λ
8piG (τ0)
resulting from the notation of eqs.(66) and (70)
T 00 = E˜ +
Λ
8piG
. (75)
If we know H at a certain moment τ0 then eq.(74) determines a(τ) for a later
time. Note that if da
dτ
≥ 0 for τ ≥ τ0 then from eq.(73) it follows that with
3
8piG
λ ≡ E˜(τ0) + Λ
8piG
(τ0)− 4
∫
∞
τ0
drH(r)T˜ 00(r) (76)
we have the bounds
λ ≤ (a−1 da
dτ
)2 ≤ 8piG3 E˜(τ0) + Λ3 (τ0)
If λ of eq.(76) is non-negative then we obtain the inequality (Gronwall inequal-
ity)
exp(τH(τ0)) ≥ a(τ) ≥ exp(
√
λτ) − exp(
√
λτ0). (77)
There can be an exponential behaviour in a certain time interval when the
cosmological constant dominates and a power-like behaviour if the cosmological
constant is cancelled by other terms on the rhs of eq.(73).
It is useful to study the behaviour of solutions of Einstein equations from
the point of view of the energy conditions [38] [46]. We can represent T µν again
in the hydrodynamic form (66) (with E and ΠE without tilde).We have already
assumed that we have as a solution a flat Universe. This is possible only if
E = T 00 = T˜ 00 + Λ8piG ≥ 0 . In the hydrodynamic representation Π˜ = 13 E˜
because p2 = 0 (eq.(68)). We can conclude from eqs.(66) and (70) that
E + 3ΠE = 2(E˜ − Λ
8piG
) (78)
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We have E + ΠE = E˜ + Π˜E ,ΠE = Π˜E − Λ8piG and E = E˜ + Λ8piG . From eq.(78)
we can see that the strong energy condition (requiring that (78) be positive
[38])can be violated if the cosmological term is present. Using the definition of
λ (eq.(76)) we can obtain (under the assumption ∂τa ≥ 0 for τ ≥ τ0)
E˜(τ) − Λ(τ)
8piG
≤ 2E˜(τ)− 3λ
8piG
(79)
In cosmological models the energy density E˜(τ) is decreasing to zero when the
Universe expands. Hence, if λ is positive then according to eqs.(78)-(79) the
strong energy condition will be violated for a sufficiently large time. From
Einstein equations ∂2τa ≃ −a(E + 3ΠE). Hence, (78) will be negative if the
expansion accelerates. This explains the role played by the positivity of λ in
eqs.(77) and (78).
It is clear that the weak energy condition E ≥ 0 and E+ΠE ≥ 0 is satisfied.
The dominant energy condition is equivalent to E = E˜ + Λ8piG ≥ |ΠE | = | 13 E˜ −
Λ
8piG |. Using eq.(72) this inequality can be rewritten as either Λ ≥ − 8piG3 E˜(τ)
or equivalently as
E˜(τ0) +
Λ(τ0)
8piG
≥ 2
3
E˜(τ) + 4
∫ τ
τ0
drH(r)T˜ 00(r).
In cosmological models E˜(τ) is decreasing to zero for a large time. Hence, we can
obtain a sufficient condition for the dominant energy condition to be satisfied
for a sufficiently large τ
E˜(τ0) +
Λ(τ0)
8piG
− 4
∫
∞
τ0
drH(r)T˜ 00(r) =
3
8piG
λ > 0. (80)
If λ > 0 then the strong energy condition is violated whereas the dominant
energy condition is satisfied. It can be seen that both conditions depend on the
initial value for the diffusion phase space distribution and the initial value of
the cosmological term.
Einstein equations with the energy-momentum calculated in the states at
finite temperature are applied only at small time. If a(τ) tends to zero at small
τ then we can derive the behaviour of a(τ) from the behaviour of the energy-
momentum for a small a. We calculate the energy-momentum in the states of
sec.3. For the state (31) we obtain (here
√
h = h3)
T˜ 00 = L(t)
√
h
∫
dp
(2pi)3
ap exp(−α(t)p) = L(t) 1
(2pi)3
24pi(βa)−4
(
1+R exp(−κ2βA)
)4
(81)
For the state (44)-(45) we have
T˜ 00 =
1
(2pi)3
(
24pi(βa)−4(1 + c0(1)) + 96pi(βa)
−5c˜1(1)
)
(82)
17
and for (46)-(47)
T˜ 00 = 1(2pi)3
(
24pi(βa)−4(1 + c0(2)) + 96pi(βa)
−5c˜1(2)
+480c˜2(2)(βa)
−6
) (83)
We can calculate the remaining components of T˜ µν in the comoving frame u =
(1, 0). We have according to eq.(66) E˜ = T˜ 00, T˜ 0j = 0 and owing to the
rotational symmetry T˜ jk = 13δ
jkT˜ 00. Then, from eq.(68) Π˜E =
1
3 T˜
00 in the
hydrodynamic representation (66) .
The coefficients in eqs.(82)-(83) (where c(2) means that this is c at N = 2)
depend on A in such a way that if A tends to infinity at large time then the
coefficients c˜1 and c˜2 tend to zero. Hence, we do not expect a modification of the
large time behaviour at non-zero temperature in the states (37). The argument
at the end of sec.3 shows that the results (81)-(83) can be extended to general
N
T˜ 00 = (βa)−4
n=N∑
n=0
c˜n(βa)
−n (84)
with c˜n (for n > 0) decaying as exp(−βκ2A). For general N we obtain again the
conclusion that the polynomial modification (37) of the Ju¨ttner distribution does
not change the large time behaviour of the energy-momentum in the Einstein
equations (note however that according to sec.4 at sufficiently large time the
temperature states are replaced by (49), their energy-momentum is discussed in
the next section). The dissipative modification (73) of the Friedmann equations
comes from a departure of a4T˜ 00 from a constant (the constant is obtained for
a radiation without dissipation). From eq.(72) it follows that Λ is decreasing if
a4T˜ 00 is increasing (as will happen in the model (85) in the next section). The
time dependent terms c˜n disappear at large time but they can be relevant for
a rapid increase of a(τ) at an intermediate time. The terms c˜na
−n in eq.(84)
modify the short time behaviour of solutions of the Friedmann equations as will
be shown at the end of the next section.
6 Universe expansion at zero temperature
In our approach the energy-momentum tensor is defined by the solution of the
diffusion equation. We use different diffusion equations at various stages of the
expansion of the Universe. In addition, the solution of the diffusion equation
depends on the initial condition. The solutions of these equations determine
different energy-momenta. In a static metric a solution of the diffusion equa-
tion tends to the unique equilibrium. The energy-momentum tends to the one
calculated in the equilibrium. In a time-dependent metric strictly speaking an
equilibrium solution does not exist. However, we can distinguish some initial
phase space distributions which preserve their form during the time evolution.
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We could also require that at fixed time such states coincide with the static
equilibrium states resulting from variational principles of statistical mechanics
(as is the case with the Planck distribution ΩPLE (23) and the Ju¨ttner distribu-
tion ΩJE (33)). The distributions Ω
PL
E and Ω
J
E lead to the standard dependence
of the energy-momentum T˜ ≃ a−4 on a (in deterministic models it also follows
from the continuity equation and the equation of state E = wΠE , in the model
(70) w is not a constant; for a discussion of a-dependence of T˜ see [44]) . We
have seen in sec.5 that the modified Ju¨ttner distribution leads to the modified
energy momentum depending on a as well as on A. However, the dependence
on A was irrelevant at large time. The solutions of the diffusion equation at
finite temperature apply to an early stage of the evolution of the Universe. At
later time τ ≥ τ0 (after the recombination time) the diffusion tending to an
equilibrium cannot correctly describe the phase space distribution of particles
which decouple from photons. In sec.4 we have described a continuation of the
evolution starting from the Ju¨ttner (33)(or Planck (23)) state and continuing
according to the dissipative dynamics (12) of the diffusion at zero temperature.
In this section we calculate the energy-momentum T˜ of the solution of the diffu-
sion equation (12). Subsequently, from the energy-momentum conservation we
determine the cosmological term TD. We derive the Friedmann equation and
find a particular solution of this equation which is linear in time. At the end
of this section we return to the finite temperature solutions of sec.5 in order to
determine their behaviour at a = 0.
In the zero temperature state (49) we obtain
T˜ 00 =
√
hθ3(θ +A)−3
∫
dp
2pi)3 ap exp(−κ−2 a
2
θ+Ap) =
1
(2pi)3 24piκ
8θ3(θ +A)a−4.
(85)
For the state (53)-(54)
T˜ 00 =
1
(2pi)3
κ2(θ +A)a−4
(
24pi(1 + c0(1)) + 96pia
−1c˜1(1)
)
(86)
and for (55)-(57)
T˜ 00 = 1(2pi)3κ
2θ−1(θ +A)a−4
(
24pi(1 + c0(2)) + 96pia
−1c˜1(2)
+480pic˜2(2)a
−2
) (87)
The model (85) leads (according to eq.(73)) to the Friedman equation
(a−1 da
dτ
)2 = σ(A+ θ)a−4 − σ ∫ τ
τ0
dra−3 + Λ3 (τ0) (88)
where
σ =
1
(2pi)3
48Gpi2κ8θ3 (89)
We can find an explicit power-like solution of the integro-differential equation
(88) by a fine tuning of parameters showing that the exponential behaviour (77)
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is not a necessity even if Λ(τ0) > 0. Let us assume
a(τ) = ν(τ − q)γ (90)
with the initial condition a(τ0) = ν(τ0 − q)γ . Inserting (90) into eq.(88) we
determine the parameters in eq.(90)
γ = 1, (91)
ν = σ
1
3 , (92)
(τ0 − q)2 = 2θ
ν
(93)
and
Λ(τ0) =
3
2
(τ0 − q)−2. (94)
We can calculate the rhs of the Friedman equation which is 13 (8piGE˜ + Λ). We
obtain
Λ = 8piGE˜ =
3
2
(τ − q)−2 (95)
Eq.(95) means that E − 3ΠE = 0 in agreement with the discussion at eq.(78)
(there is no deceleration).
Eq.(90) applies if q < τ0 because the integral in eq.(88) is divergent at
r = q. The solution (90) defined on the interval [τ0,∞) does not achieve 0
reaching only its minimum at a(τ0) = ν(τ0 − q). The solution (90) with γ = 1
is interesting because it gives H−1 (where H is the present value of the Hubble
constant) as the age of the Universe in agreement with recent experimental data
([47],sec.11.4.1; see also [48] [49] for an explanation of a distinguished character
of the linear evolution).
For general T˜ 00 resulting from eq.(40) we are unable to solve eq.(73) exactly.
We can obtain some estimates on the asymptotic behaviour. We can have
an exponential or power-like evolution depending on the parameters entering
eq.(73). For a discussion of asymptotic solutions it is useful to differentiate the
integro-differential equation (73). We obtain
d
dτ
(a−1
da
dτ
) = −16piG
3
T˜ 00. (96)
Note that differentiation of the standard Friedmann equation (64) (with T˜ 00 ≃
a−4) also gives eq.(96) but this coincidence is accidental. It results from the
power -4 in a−4. Nevertheless, if T˜ 00 ≃ a−r with r > 0 then there is no
essential difference between the standard Friedmann equation and (96) up to an
undetermined cosmological constant which is anihilated when we differentiate
the standard Friedmann equation. Eq.(96) can be rewritten as the third order
equation for A (with A′ = dA
dτ
= a)
A′′′ − (A′′)2(A′)−1 = − 16piG3 T 00(A,A′)A′. (97)
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It can be seen that the a−n terms in eq.(84) do not modify the large time
behaviour because they decay faster in time. The Ansatz A ≃ τγ+1 in eqs.(82)-
(84)and (97) for a large time gives again γ of eq.(91).
For the early Universe we apply the finite temperature solutions of the dif-
fusion equation of sec.5. We are interested in the small time behaviour of the
solutions of the finite temperature diffusion on the time interval [0, τ0). Using
eq.(97) we can show that the polynomial modification (40) of the Ju¨ttner initial
condition changes the small time behaviour of the solutions of the Friedmann
equations. At a ≃ 0 the most singular terms in a dominate in eq.(84). Inserting
the energy-momentum tensor (84) in the Friedmann equations (97) we obtain
A′′′ − (A′′)2(A′)−1 ≃ −C(A′)−N−3 (98)
with a certain constant C. Eq.(98) leads to the behaviour
a ≃ τ 24+N
when τ → 0. Hence, with an increasing N the approach to the singularity a = 0
becomes slower than in the exact solution (90) for τ > q and also slower than the√
τ behaviour of the solution of the standard Friedmann equation (64). If the
dependence of T on a is more singular than power-like then we can encounter
solutions of the Friedmann equation (73) which do not reach a = 0.
The solutions of secs.3 and 4 could also describe an ultrarelativistic expand-
ing ball,e.g., an exploding star or a hadron (fireball) formed after a heavy ion
collision [14][15]. In such a case we are interested in an equation of state of such
an object. Applying the formula (60) and the relation between E˜ and Π˜E (68)
we can derive the relation between the pressure Π˜E , density n and temperature
(βa)−1. For the energy-momentum (82) we obtain
Π˜E = n(βa)
−1
(
1 + c0(1) + 4c˜1(1)(βa)
−1
)(
1 + c0(1) + 3c˜1(1)(βa)
−1
)
−1
.
(99)
Eq.(99) modifies the well-know equilibrium relation Π˜E = n(βa)
−1 true (accord-
ing to eq.(99)) for low temperatures to Π˜E =
4
3n(βa)
−1 at high temperatures.
The coefficient in the high temperature limit depends on N in the states (84).
7 Non-relativistic diffusive fluid
In sec.5 we have studied an ultrarelativistic diffusion (21) at finite temperature
for a hot matter. Then, in sec.6 the evolution of Ω continued as an ultrarelativis-
tic diffusion at zero temperature. Finally, in this section we consider Universe
evolution in the stage when matter is in the form of macroscopic bodies (we treat
it as a dust of heavy particles). We still assume that the Universe evolution is
described by the diffusion equation (17) in the limit of a large mass m. This is
at the same time the non-relativistic limit of eq.(17). The diffusion constant κ
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at this stage of evolution is different then the one for the early Universe but we
keep the same symbol for it. The diffusive behaviour of a particle (dust) could
be related to the gravitational attraction of all other masses in the Universe
[7]. In this section we find solutions of the non-relativistic diffusion equation,
calculate the corresponding energy momentum tensor T˜ , derive the formula for
TD and discuss the resulting Einstein equations.
In the non-relativistic limit only the massive terms on the rhs of eq.(17)
remain. We redefine the diffusion constant κ2 → κ22m in eq.(17) and write the
equation in terms of the cosmic time ∂t = a∂τ . Then, the non-relativistic limit
of eq.(17) in the cosmic time reads
∂τΩ− 2Hp∂Ω
∂p
=
κ2
2a2
(∂2Ω
∂p2
+
2
p
∂Ω
∂p
)
, (100)
where H = a−1 da
dτ
(eq.(18)). We proceed as in sec.4 where the solution began
to evolve from the Ju¨ttner equilibrium distribution. We consider a solution of
the diffusion equation starting from the Maxwell distribution at τ = τ0
Ω0 = na
3(τ0)(2pi)
3(2piκ2)−
3
2 θ−
3
2 exp
(
− a
4(τ0)p
2
2θκ2
)
. (101)
So, θκ
2
a4(τ0)m
has a meaning of the temperature. The state Ω0 is normalized to
the particle density n, i.e.,
√
h(τ0)
∫
dp
(2pi)3
Ω0 = n.
The solution of eq.(100) with the initial condition (101) reads
Ωτ = na
3(τ0)(2piκ
2)−
3
2 (θ +Ad)
−
3
2 exp
(
− a
4(τ)p2
2(θ +Ad)κ2
)
(102)
where
Ad(τ) =
∫ τ
τ0
dsa2(s). (103)
Note that in contradistinction to A in eq.(28) now the integral in Ad is performed
over the cosmic time. The energy density in the state (102) is
T˜ 00 =
√
h
∫
dp
(2pi)3
√
m2 + a2p2Ωτ
≃
√
h
∫
dp
(2pi)3 (m+
1
2ma
2p2)Ωτ = nma
3(τ0)a
−3(τ) + Cκ2(θ +Ad)a
−5 (104)
with certain positive constants C (independent of κ). In eq.(104) (as usual) we
have cut the non-relativistic approximation of the energy at the second order
term. We can now repeat the derivation of the modified Friedmann equation
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(73) with the non-relativistic matter corresponding to p˜iE = 0 in eq.(71) (the
”dust”) leading to
3
8piG (a
−1 da
dτ
)2 = T˜ 00 − ∫ τ
τ0
dra−3∂r(a
3T˜ 00) + Λ8piG (τ0). (105)
Inserting the result (104) for T˜ 00 we obtain the Friedmann equation
3
8piG (a
−1 da
dτ
)2 = nma3(τ0)a
−3(τ) + Cκ2(Ad + θ)a
−5
−Cκ2 ∫ τ
τ0
dra−3 + 2Cκ2
∫ τ
τ0
H(θ + Ad)a
−5dr + Λ8piG (τ0)
(106)
Depending on the parameters in eq.(106) it has the asymptotic solution for a
large time
a(τ) ≃ τ
besides the exponentially growing solutions (77). If there is no diffusion (κ = 0)
then eq.(106) is reduced to the standard Friedmann equation for a cosmological
dust.
8 Summary and outlook
In our approach we replace the Einstein-Vlasov system investigated by many
authors by a dissipative system.The usual form of the a−4 dependence of the
energy density on the scale factor for an ultrarelativistic fluid can be considered
as a result of the Ju¨ttner (or Planck) equilibrium phase space distribution with a
time-dependent temperature. It also follows from the energy-momentum conser-
vation of an ideal fluid with the density-pressure relation for massless particles.
In this paper we considered phase space distributions resulting from a relativis-
tic diffusion. The diffusion approximation comes out from a general assumption
of the Markov property of microscopic interactions. There are some general
restrictions on the form of the diffusion resulting from the relativistic invariance
and the detailed balance. They are independent of the form of the interaction.
The dissipative dynamics neglects some degrees of freedom (in astrophysical
context:some forms of matter). For this reason the energy-momentum of the
diffusing fluid is not conserved. To some extent we can recover the missing part
of the total system from the requirement of the energy-momentum conservation.
We have studied a simplified model of a scenario for the Universe evolution
which begins with a diffusion at finite temperature with the Planck or Ju¨ttner
equilibrium distribution. At later time (lepton era) a description in terms of
an equilibrating diffusion cannot apply. However, assuming that the dynamics
remains dissipative we continue with the Markov approximation describing the
evolution of the phase space distribution by relativistic diffusion (with a differ-
ent diffusion constant) without any equilibrium heat bath. The corresponding
energy-momentum tensor is not conserved. In order to achieve the conserva-
tion law for the total energy-momentum we introduce a ”cosmological term”.
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Under the assumption of homogeneity of the (dark) matter distribution the
cosmological term is determined by the form of the energy-momentum of the
diffusing fluid. We have assumed that particles are massless. This assumption
can be justified at an early stage of Universe evolution either as an ultrarela-
tivistic approximation or referring to the grand unified theory in which masses
arise at lower temperatures through the symmetry breaking. At the later stage
the massless fluid must be considered as a mathematical simplification (21) of
eq.(17) which allows to solve the diffusion equation in order to derive the form
of the energy-momentum tensor as a function of the scale factor. Inserting the
solution of the diffusion equation into the Einstein equations we can derive a dis-
sipative version of the Friedmann equation. We have studied some consequences
of this modification of the Friedmann equation. We show that the cosmological
term starting from the cosmological constant (as a free integration parameter)
is decreasing with time. If it tends to zero then the Friedmann equation has a
solution of the form a ≃ τ for a large time. If the cosmological constant is large
enough then the Friedmann equation has an exponentially growing solution. We
would need to apply numerical methods to study the scale factor evolution in
order to see whether it can support a fast expansion at an intermediate time
simulating the inflation. At the later stage of Universe evolution when mat-
ter acquires a macroscopic form we describe the evolution by a non-relativistic
diffusion of a dust of heavy particles. We show that such an evolution leads
to the same conclusions concerning the long time behaviour as the relativis-
tic diffusion at zero temperature. We have proposed a simplified model of the
Universe evolution which has a built in equilibrium stage and allows explicit so-
lutions. The approach could be considered as an approximation of the collision
term in the Boltzmann equation (treated, e.g., in [13]) by a diffusion applied to
the case when some scattering processes causing the energy dissipation remain
unknown. It gives a phenomenological description of quantum processes in an
early Universe. We were able to study some consequences of our assumptions.
In particular, it could be seen that the dissipation determines the large time
behaviour of a(τ). The early times of the Universe dynamics are accessible to
astronomical observations through their impact on the structure formation. We
intend to continue the study by an admission of a non-homogeneity of the metric
in order to investigate the result of the diffusive dynamics of the hot Universe on
the propagation of disturbances. For a small time the modified Ju¨ttner solutions
of the diffusion equations at finite temperature lead to a slower approach to the
a = 0 singularity of the scale factor. Such a behaviour could possibly prevent
the appearance of the singularity at τ = 0 in a more general dissipative dynam-
ics. The admittance of polynomial modifications of the Ju¨ttner distribution (as
solutions of the diffusion equation) leads to a modification of the equation of
state defined as a relation between the density, temperature and pressure.
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